
 

eg7.1.7 Thomae's function
IN 1,33

if ETO I me ifhave no commonfactors
godm n 1

h 1 if O

O if x is irrational ETO I

Then GERIO I 5th 0

Note h is discontinuous at every rational number in 0,1
continuous at every irrational number in 10,13

see eg5.1.6 h of the Textbook

If Similarto eg7.1.49

0 the set Ee C 0,1 hx is a finiteset

For instance then Ee 40 1 I

Let N of elements in Ee

Define Se IN 0

Then 8 1 Exit Xi to É with 11811 de

19,8 ET Alte Xi Xi 1 Ef Ati Xi Xi 1
He tett



Xi Xii 2 Nell811 heal

ZNE E

Since clearlySch 8 20 2 0 isarbitrary

we have he Rta b Sabh 0



7.2 Riemann IntegrableFunctions

Thm7.2.1 Cauchy Criterion

f E Rtab E O 7 0 suchthat

if P andQ are taggedpartitions with

11811 ye 11811 Me

then 1515,8 Slf E I E

Compare Xn converges so IN O sit if m n Ne km Xuke

Pf If f E R a b and L Sabf

Then ESO I met so sit

if 1181kMe 11811 Me

then 1515 D LK and

1515 Q L1

i 15158 Sit D I

1515 D L L S f G I

E Done



Step seq in with Osontieon n1,33

such that if 118114On 1181kon

then 1515,8 54,07kt
Pf of Step1

By assumption for E 4 0 I 7,4 0 sit

if 11811 4 1101 74

then 154,8 Slf Q 5h

Let On min 71,7 74 0 n B3

then Inti min 71,4 374,7

min471,7 74 On

And if 1181son 1181 son

then 11811 1011544

i 1515,8 SG Q 1st

Step a sef of tagged partition In sit
Quillson and on given inStep1

fig Slf Qin L exists



Pfofstep2

Foreach n 1,2 3 chooseany tagged partition

In with 11Qulkon
Existence of Qu isclear forexample one maytake
uniform partition withanytags at if
Then for m n 1 we have

110m11son and 114m11sOneon

i Step 1 15 f Q Slf Qm 1st
Hence 0 one can takeany integer no

and concludethat Man no

110m11sOmsdno liQnlkon.tn

IS t Q S f Q.mil to e

i Slt n is a Cauchy sequence

By completeness of IR Thm35.5 Cauchy Convergence Criterion

µg S f Q exists let call it L



Final step f E RTAb

PfofFinalStep

Using Steps and bytaking m is wehave

SlfQn L Eh n 1,33

Now 0 k is an integer sit k E
Then if 8 satisfies 1181158k

wehave 156,8 SC Q by step1

and hence

1515,8 41 154,8 Slf Q SltQi L

4th by c

SE

i ferta b Sabf L



Eg7.2.2

a 9 0,3 IR defined by gix
3 1 3

2 O X

O

i
is Riemann integrable Eg7.1.46

O 3

In Eg7.1.4b weproved that

if 11811 0 then

8 585cg8 8 58

If Q isanother onewith 11011 0 we alsohave

8 58 SG Q 8 50

Hence 1519,8 519,0 8 58 8 50 108

i E O Me 8 0 sit

if 11811 ye 1101kMe

then 15cg 8 Sig Q1 10 CE

i CauchyCriterion is satisfied



b Applying CauchyCriterion toshow a function isnot integrable

f is notintegrable IE 0 sit y o

8 with 1181157 1101km sit

S f P S f Q

Concreteexample

Dirichletfunction f x
1 if rational ETOI

0 if irrational C 0,1

eg5.1.69 ex 12of 7.1

Consider Eo 0

7 0 let any partition sit 11811 2

with rationaltags ie all tie no I

any partition sit 11011 2
with irrationaltags ie all tie to.IQ

then S f 8 Eflti Xi Xii II Xi Xi 1 T

S f Q Efti Xi Xi 1 0

19 f SG Q 1 Eo

i f is not Riemann integrable



Thm7.2.3 SqueezeThm let f ab IR asb

Then ft Rta b 9 0 functions de and we CRtab

with LEIX f x WEX XE ab

suchthat f We e

Remark Wedon'tneed to assume Essive or fake exist
but ofcourse theirexistencefollows from Thm7.1.50

PE If f ERtab take αe f We E O

Then Sabf f O E

By assumption de We Rta b

Hence 0 870 suchthat

if 11811 Sde then 514,8 Jabeke

and 15 we 8 Sabwe E

Thisde min dÉ of so where de is fade 8 fawe

Therefore Jade E 4,8
and S We 8 Sabwe E



Since Lex fix Welx XE a b we have

Ske 8 5 f 8 S We 8

Jake E Slt 8 Ja wa t e

Therefore if P Q are two tagged partitions with

11811 8 and 118110

we have Jake E Slf Ja wa te

and Jake E Slt G Ja wa t e

154,8 SGQ Siwete Jake e

We de 24

ETZE 39

Since 0 is arbitrary f satisfies Cauchy Criterion

f ER a b



Recall Def5.4.9 of theTextbook

A function 9 ab IR is a stepfunction

if subintervals Ii notnecessary closed with

1 IinIj for it and
I

a b Ii

suchthat 9 const functionon It

ie 9H ki C Ii forsome ki

Lemma7 2.4 Let J subinterval of a b

Cad are endpoints of

If 9,1 3 11 taxes
0 for XE a b

then 9 RTAb and 5 9 d c

If There are 4 cases for J

J C d c d C d and c d

andcorresponding 4 cases of 95



0

a b a b

0 0 0

a f b a f b

All these 4 cases different from each others by

finitely many points at most 2 therefore

all 4 cases have the same integral byThm7.1.3

By Ex7.1.13 Homework4 we have

1,95 d c for the case of J C d

Hence Sab9 d c fa all cases

Thm7.2.5 If 9 ab IR is a stepfunction thenGER a b

ie Stepfunctions are Riemann integrable

Pf Assume 9 x ki fax Ii

IinIj Ii Tab
it



Then byusing the notations in lemma7.2.4

917 É Ki YI X
Since YI ER ab That1.5 lab GERTAb

Remark Moreover

if It Tci di it h then lemma7.2.4

19 killer É ki di Ci
kn

ki

t t
4

a

n
f

di b

Egt2.6
a Eg7.1.4 b again

9 0,3 IR defined by gix
3 1 3

2 O X

3 0

2

0 3

is a step function



Clearly gex 2 90,134 394,334 RTO3

and 19 2 190,1 3 94,33

2 1 0 3 13 1 8

b eg7.1.4 c

h X on 0,1
hex

consider uniform partition

Pn 11 I K 11

Define stepfunctions In 0,1 IR

by for k l n

αnCx by f but

and and III we

Define stepfunctions on 0,1 IR

by for k l n

Wnex f by
and WnC1 1 6 55 hi l



Then clearly αnlx hex Wnex C 0,1

as In X HEYE ha Wn x AUP hex
E

for ET 4,13 for k n

ByThm7.2.5

an O.fth.tt h i ftp.t
It n D In

1

fwm ft tn i f

hz It th 4 1

1 4
Hence byThm7.1.5

S n 2n h

i E 0 choose nest E then

αnew Glx Wnek set

Slane ane these
0



By SqueezeThan72.3 has X ERio I

Furthermore by Thu7.1.5

Ell te Sloane s Sth E S one tellthe

letting E so we have he o andhence

Sth t

Thm7.2.7 If f tab IR is continuous then fer Taib Casacbeta

Containers functionsonclosed bounded interval are Riemann integrable

Pf ByThm5.4.3 cont functions on closed boundedinterval

are uniformly continuous

HE O I de o aidep ofpoints suchthat

if I x y Koe x yea b

then I fix fly s Ea
Then take any partition P l exitxis É such that

11811sSe suchPalwaysexists



Since f is continuous

tf ExitXi suchthat fltil kfy.fm and

I tÉE Exit Xi such that fltÉ IE fcx

Define step functions
f ti for C Xii Xi for ith

Lele
feth for C Xn Xn

and feti for C Xii Xi for ith
Weld

th for C Xn Xn

Then αelX f X1 Welx Eta b

Moreover

I we e fete fitis Xi Xi 1

xi xii

since tÉ ti E Xii Xi

lti tilelxi xi.ie lPllsde

SakWe xe sfalb a E

Hence SqueezeThm 7.2.3 FERIA b


